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Low-order models of 2D uid ow in annulus
N.V.Petrovskaya, M.Yu. Zhukov
Department of Mathematis, Mehanis and Computer Siene,
Southern Federal University, 344090, Rostov-on-Don, Russia
The two-dimensional ow of visous inompressible uid in the domain between two onentri irles
is investigated numerially. To solve the problem, the low-order Galerkin models are used. When the inner
irle rotates fast enough, two axially asymmetri ow regimes are observed. Both regimes are the stationary
ows preessing in azimuthal diretion. First ow represents the region of onentrated vortiity. Another
ow is the jet-like struture similar to one disovered earlier in experiments [1, 2℄.
Introdution
The interest to the problem onsidered is stimulated by the strange ow regimes indued in
the thin uid layer by the rotating ylinder, experimentally disovered by V.A.Vladimirov [1, 2℄
in 1994. The ow in a thin annular gap restrited in axial diretion by rigid walls was onsidered.
When the inner ylinder rotates fast enough, axially asymmetri, slow-preessing, stable jet-like
pattern appears. These jets represent the setors with the strong radial outow whih preesses in
azimuthal diretion.
The ow regimes observed in experiments are not deeply investigated and the mehanism of
their onset is not lear. The ow observed is not the Moatt vortex that appears in the domain
with orners [3℄. It is not the Hammel ow with the azimuthal jets, investigated and lassied
by M.A.Goldshtik, V.N. Shtern et al. (see for example [4, 5, 6℄ where the ow regimes without
the inner ylinder but with the soure are onsidered). It is not the spiral struture desribed in
works by M.V.Nezlin and E.N. Snezhkin [7, 8℄ that appears in the thin layer of rotating uid
with a free surfae with dierentially rotating paraboli-shape bottom. We notie that in spite of
visual similarity with regimes from [7, 8℄, ows in [1, 2℄ are totally dierent. In [7, 8℄ the reason
for the spiral struture onset is the paraboli bottom prole that models the gravity eld in the
radial diretion, so that the phenomenon ould be desribed with the use of shallow water theory.
In other words the jet-like strutures in [7, 8℄ are similar to waves on the free surfae. Here it is
worth mentioning works by V.Yu. Liapidevsky (see for example [9℄) on the two-dimensional vortial
shallow water ows in a gap between two rigid boundaries.
There is a number of works on the similar problems. These works are mainly devoted to study the
axially symmetri regimes in the Couette-Taylor ow between short ylinders. These problems were
intensively investigated numerially after T.B.Benjamin and T.Mullin [10℄. The axially symmetri
ows in the annular gap with omparable radial and axial sizes, governed by the two-dimensional
Navier-Stokes equations were studied with the help of the nite-dierene methods (partiularly
the methods of markers and ells, and their modiations) and of the Galerkin method (see for
example [10, 11, 12, 13, 14℄). The base axially symmetri ow regime in the domain with two rigid
end-walls represents two Taylor vorties. The bifuration of this ow to the regime with one major
vortex and one minor vortex is desribed.
In works [15, 16, 17, 18℄ the asymptoti model desribing the base axially symmetri regime
in the thin in axial diretion annular domain between two ylinders is onstruted and ompared
with experiment. This asymptoti model desribes two Taylor vorties in the ase of rigid end-walls
and one Taylor vortex in the ase when one of the end-walls is the non-deformable free surfae.
Partiularly, the analyti formula has been obtained for the azimuthal veloity (it was earlier dened
numerially in [11, 12, 13, 14℄). The azimuthal veloity alulated with the help of this analyti
formula is in a good agreement with the experimental data [15, 16, 17, 18℄.
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In the work presented we attempt to model some of the experimental results from [1, 2℄ with
the use of the low-order Galerkin model, applied to the visous ow in the two-dimensional annular
strip. When the base ow similar to the Couette ow loses stability for the low-order model,
the stationary asymmetri ow (the soliton-like vortex) appears. This vortex slowly preesses in
the azimuthal diretion. Furthermore, numerial experiments with the low-order models allowed
to disover another axially asymmetri stationary ow regime: slow preessing in the azimuthal
diretion jet-like struture. This axially asymmetri solution (apart from the rst one) does not
bifurate from the base ow but appears 'from the sky-blue'. The jet-like regimes appear to
be similar to ones observed in experiments presented in [1, 2℄. It is rather surprising beause,
aording to [1, 2, 15, 16, 17, 18℄, the jet-like ows observed in the narrow (in axial diretion)
gap are substantially three-dimensional. Another surprise is that the Reynolds numbers for whih
asymmetri strutures appear are of the same order as in the experiments. Comparison of the
other parameters is impossible sine the numerially solved problem is two-dimensional while the
experimental faility is essentially three-dimensional.
The ertain uneasiness is aused by dependene of the results of numerial modeling on the
number of radial basis funtions for Galerkin model. With the inrease of the number of this
funtions, inrease of the ritial Reynolds numbers is observed (note that the results weakly depend
on the number of azimuthal basis funtions). In other words, results obtained (existene of the
preessing stationary ows in the form of the soliton-like jet or the soliton-like vortex) ould be
spei for the low-order Galerkin models only, while the base ow ould be stable for the high-
order models. However, good qualitative agreement with the experiments desribed in [1, 2℄ make
us hope that the low-order models are useful to improve the understanding of the mehanism of
jet-like strutures onset in the gaps narrow in the axial diretion.
1 Basi equations
Let the annular strip domain bounded by the irles of radii r1 è r2 (r1 < r2) is lled by the
visous inompressible uid. The inner boundary r = r1 is rotating with the onstant azimuthal
veloity Ω, and the outer boundary r = r2 is xed. The Navier-Stokes equations in the polar
oordinates (r, θ) in the dimensionless form are:
ut + uur +
1
r
vuθ −
v2
r
= −pr + Re
−1
(
∆u−
u
r2
−
2
r2
vθ
)
,
vt + uvr +
1
r
vvθ +
uv
r
= −
1
r
pθ + Re
−1
(
∆v −
v
r2
+
2
r2
uθ
)
, (1.1)
(ru)r + vθ = 0,
∆( ) = ( )rr +
1
r
( )r +
1
r2
( )θθ.
Here u is the radial veloity, v is the azimuthal veloity, p is the pressure, Re is the Reynolds
number.
Boundary onditions at r = 1 and r = b have the form:
u|r=1 = 0, v|r=1 = 1, u|r=b = 0, v|r=b = 0. (1.2)
Dimensionless variables t, r, u, v, p orrespond to dimensional variables t′, r′, u′, v′, p′:
t′ =
t
Ω
, r′ = rr1, (u
′, v′) = Ωr1(u, v), p
′ = pρΩ2r2
1
,
Re =
Ωr2
1
ν
, ε = Re−1, b =
r2
r1
. (1.3)
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where ν is the kinemati visosity, r1 is the radius of the inner irle, r2 is the radius of the outer
irle, Ω is the azimuthal veloity of the inner irle rotation, ρ is the onstant uid density.
The problem (1.1)(1.2) has the stationary axially symmetri solution (Couette ow):
u = 0, v = V0(r), V0(r) =
α
r
+ βr, α =
b2
b2 − 1
, β = −
1
b2 − 1
. (1.4)
Let Ψ(t, r, θ) be a stream funtion and ψ(t, r, θ) be a perturbation of the stream funtion:
u = −
1
r
ψθ = −
1
r
Ψθ, v = ψr + V0 = Ψr. (1.5)
If we substitute (1.5) to (1.1)(1.2), we obtain:
∆ψt +
1
r
(
ψr(∆ψ)θ − ψθ(∆ψ)r
)
= ε∆2ψ −
V0
r
(∆ψ)θ, (1.6)
ψ|r=1 = 0, ψr|r=1 = 0, ψ|r=b = 0, ψr|r=b = 0. (1.7)
2 Galerkin approximations
To obtain the approximate solution of the problem (1.6)(1.7), Galerkin method is used. We
approximate the stream funtion perturbation ψ as follows:
ψ = 2
L∑
m=1
N∑
n=1
{(xmn(t) cos(nθ)− ymn(t) sin(nθ)} fmn(r). (2.1)
Here, the funtions fmn(r) satisfy the boundary onditions:
fmn(1) = 0, f
′
mn(1) = 0, fmn(b) = 0, f
′
mn(b) = 0, (2.2)
The standard Galerkin proedure redues the problem (1.6)(1.7) to the system of the ordinary
dierential equations for Galerkin oeients xmn(t), ymn(t). We also assume that the funtions
fmn(r) satisfy the following onditions:
b∫
1
fmn(r)∆nfjn(r)r dr = −δjm (2.3)
∆n( ) = ( )rr +
1
r
( )r −
n2
r2
( ). (2.4)
In the work [19℄ the two-dimensional ow in the annular strip (driven by the azimuthal fore
hanging the sign with radius) is studied. Analogously to the work [19℄ the funtions fmn(r) for
xed n are taken as the eigenfuntions of the following boundary value problem:
∆2nf + h
2∆nf = 0, (2.5)
f(1) = 0, f ′(1) = 0, f(b) = 0, f ′(b) = 0 (2.6)
Calulation of the eigenvalues hmn for the problem (2.5)(2.6) and of the orresponding
eigenfuntions fmn(r) is a tiresome proedure. That is why we also use the polynomial basis to
onstrut funtions fmn(r).
4 N.V.Petrovskaya, M.Yu. Zhukov
To determine Galerkin oeients xmn(t), ymn(t), the following system of the ordinary
dierential equations is obtained:
dxmn
dt
= −ε
L∑
j=1
δmjnxjn −
L∑
j=1
γmjnyjn −
L∑
j=1
L∑
p=1
N∑
k=1
N∑
q=1
(αkqnxjkypq − βkqnyjkxpq)Kjkpqmn, (2.7)
dymn
dt
= −ε
L∑
j=1
δmjnyjn +
L∑
j=1
γmjnxjn +
L∑
j=1
L∑
p=1
N∑
k=1
N∑
q=1
(βqnkxjkxpq − βknqyjkypq)Kjkpqmn.
Here
αkqn = 1, if n = |k − q| or n = k + q; αkqn = 0, otherwise;
βkqn = 1, if n = |k − q|; βkqn = −1, if n = k + q; βkqn = 0, otherwise.
The oeients δmjn, γmjn and Kjkpqmn are dened by the following relations:
δmjn =
b∫
1
fmn∆ngjnr dr, γmjn = n
b∫
1
V0fmngjn dr, (2.8)
Kjkpqmn = q
b∫
1
(f ′jkgpq − g
′
jkfpq)fmn dr, gjn = ∆nfjn.
3 Numerial experiments
Solutions of the system of equations (2.7) depend on the two dimensionless parameters: the
Reynolds number Re (or ε = Re−1) and on the ratio of the outer and inner radii b. Note that the
parameter ε is inluded to the system (2.7) expliitly whereas the oeients δmjn, γmjn è Kjkpqmn
depend on the parameter b.
3.1 Basis funtions
Two sets of the basis funtions are in use: the set of solutions of the problem (2.5)(2.6), and the
linear ombinations of the polynomials Pm(r) = (r − 1)
2(b − r)2rm−1 whih satisfy the onditions
(2.2)(2.4).
Solutions of the problem (2.5)(2.6) have the form [19℄:
fmn(r) =
[
AmnJn(ρ) +BmnYn(ρ) + Cmnρ
n +Dmnρ
−n
]
/h2mn, ρ = hmnr
where Jn is the Bessel funtion of the rst kind, Yn is the Neumann funtion.
The eigenvalues hmn and oeients Amn, Bmn, Cmn, Dmn are dened by the boundary
onditions:
fmn(1) = 0, f
′
mn(1) = 0, fmn(b) = 0, f
′
mn(b) = 0 (3.1)
Values hmn, (m = 1, 2, . . . , L) are the roots of the determinant of the system (3.1). The nontrivial
solution (Amn, Bmn, Cmnl, Dmn) of the system (3.1) must satisfy the ondition (2.3). The funtion
gmn has the form:
gmn = ∆nfmn = AmnJn(ρ) +BmnYn(ρ).
Low-order models of 2D uid ow in annulus 5
The system of funtions Pm(r) = (r−1)
2(b− r)2rm−1 is used to onstrut the polynomial basis.
Funtions fmn(r) for xed n are onstruted with the help of Gramm-Shhmidt orthogonalization
with the salar produt:
(u, v) = −
∫ b
1
u(r)∆nv(r)r dr, (fmn, fmn) = 1.
Chosen sets of basis funtions are almost idential. Indeed, as the numerial experiment showed,
properties of the solution of (1.6)(1.7) obtained by Galerkin method weakly depend on the hoie
of system of the basis funtions fmn(r). The number L of the radial basis funtions is hosen to be
2 or 3, and the number N of the azimuthal basis funtions is not more then 9.
3.2 Dependene of the ritial Reynolds numbers on the number of basis
funtions
Equations (2.7) have the solution whih orresponds to the base regime (Couette ow). For the
small Reynolds numbers this ow is stable, however, it an beome unstable when the Reynolds
number inreases. The neutral urve Re = Re0(b) for N = 9, L = 3 is shown in Fig. 1 (left). The
neutral urve orresponds to the osillatory instability with the azimuthal wave number n = 1.
Neutral urves with the azimuthal wave numbers n = 2, 3 have similar form.
0
1000
2000
Re
4 6 8
b
0
2000
4000
Re
10 20
L
Figure 1: Left: the neutral urve Re = Re0(b) of the Couette ow instability, orresponding to the
azimuthal wave number n = 1 (L = 3, N = 9, polynomial basis). Right: dependene of the ritial
Reynolds numbers on the number of basis funtions L at b = 5. Continuous line orresponds to
omputation with polynomial basis; irles orrespond to basis omposed of the eigenfuntions of
(2.5)(2.6); azimuthal wave number n = 1.
When the parameter b is xed, the ritial Reynolds numbers Re0(b) are strongly dependent on L
(the number of radial basis funtions). Numerial investigation of the linear stability of the solution
xmn = 0, ymn = 0 of equations (2.7) shows that the ritial Reynolds numbers are monotonously
inreasing with the inrease of L when L > 6. Results of alulation at b = 5 are presented in Fig. 1
(right). Continuous line orresponds to the polynomial basis, and irles represent basis omposed
from the eigenfuntions of the problem (2.5)(2.6).
3.3 Flow regimes
Two dierent stable stationary regimes (traveling waves) are found apart from the base Couette
ow in numerial experiments performed. Galerkin oeients xmn(t) and ymn(t) are periodi
funtions of time t, while the amplitudes dmn = (x
2
mn + y
2
mn)
1/2
are onstant for these regimes.
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One of them appears as a result of instability of the base Couette ow. Nature of the seond regime
is still not lear. Both ows have a number of typial features that are independent of the outer
radius b, the hoie of the basis funtions fmn(r) and the number of these funtions L (for small
enough L) provided that a number of the azimuthal basis funtions is hosen to be large enough.
0
0.2
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200 400 600 800 0
0.2
0.4
0.6
100 200 300 400
Figure 2: Dependene of the amplitude d11 on the Reynolds number: ontinuous line orresponds
to regime with preessing vortex; irles orrespond to regime with the jet. Left piture orrespond
to b = 5, right piture orresponds to b = 7, polynomial basis is used in both ases. Regime J is
stable at 110 < Re < 290 for b = 7, and at 175 < Re < 480 for b = 5.
In the wide interval of parameters regimes observed are stable. The onset of one or another of
these regimes depends on the initial onditions. One regime is the stationary ow with the single
preessing vortex spot. We all it 'regime V'. Main feature of the seond ow regime is the region of
intensive ow in the form of the radial jet, preessing in the azimuthal diretion. We all it 'regime
J'.
In the models onstruted with the use of polynomial basis by r, the system loses stability
smoothly in the sense that the periodial motion branhes to the superritial area Re > Re0 and is
stable. If we use the basis omposed from the eigenfuntions of the problem (2.5)(2.6), we observe
the rough loss of stability: the unstable limiting yle branhes to the subritial area.
0
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200 400 600 800 0
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0.08
100 200 300 400
Figure 3: Dependene of preession speed on the Reynolds number: upper points orrespond
to regime with preessing vortex, lower points orrespond to regime with the jet. Left piture
orresponds to b = 5, right piture orresponds to b = 7. Polynomial basis is used in both ases.
We emphasize again that there is a ertain range of parameters where both stationary ow
regimes are stable. The onset of one or another ow regime depends on initial onditions. Regime
V typially appears when the initial values of |v| are small. Regime J is usually observed when
the initial values of |v| are large. Note that the values of dmn that orrespond to regime J are
signiantly larger than ones for the ow of V type. The amplitude urves d11 = d11(Re) are
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presented in Fig. 2. Note that regime V branhes from the base Couette ow whereas regime J
appears 'from the sky-blue'. When the Reynolds number inreases, the osillatory instability of
ow regime J is observed.
Another harateristi of the ow regimes V and J is the preession speed in the azimuthal
diretion w = ω/(2pi). Dependene of preession speed on the Reynolds number for two values of
b is presented in Fig. 3.
3.4 Flow with a preessing vortex (regime V)
One of the ows observed in numerial experiments is the regime V: periodi ow of the type
of a traveling wave with the single vortex that slowly preesses in the azimuthal diretion (the
diretion of the vortex preession oinides with the diretion of the inner irle rotation). Onset
of this regime is linked to the loss of stability of the base Couette ow. Regime V appears for
both sets of basis funtions: a set of the eigenfuntions of the problem (2.5)(2.6) and a set of the
polynomials. Typial results of numerial experiment for the ow of the type V are presented in
Figs. 48. Computation is performed at L = 3, N = 9, basis omposed of the eigenfuntions of
(2.5)(2.6) is used.
1 2 3 4
Figure 4: Regime V, streamlines (1, 2) and level lines of the stream funtion perturbation ψ(r, θ)
(3, 4); 1 and 3 orrespond to b = 5, Re = 320; 2 and 4 orrespond to b = 7, Re = 200.
0
2
4
6
phi
2 4
r
Figure 5: Regime V, b = 5, Re = 320. Left: graph of the absolute veloity |v(r, θ)|. Right: ontour
plot of the absolute veloity.
The streamlines and the level lines of the stream funtion perturbation are plotted in Fig. 4
(loation of the soliton-like vortex is learly visible). Graph of the absolute veloity |v(r, θ)| for
the ow with the single vortex (regime V) is exposed in Fig. 5 (left). Contour plot of the absolute
veloity in the retangle r ∈ [1, b], θ ∈ [0, 2pi] is shown in Fig. 5 (right). Regions of the dierent
ow intensity are painted with dierent olors. The value |v| is taken as the measure of the ow
intensity. The highest ow intensity is observed in the area lose to the inner boundary (blak
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olor). Note that the values of uid veloity at the inner and outer boundaries are |v| = 1 and
|v| = 0 orrespondingly, and |v| = k/7 (k = 1, 2, ..., 6) for level lines in Fig.5 (right). The ontour
plots of radial veloity u(r, θ) and azimuthal veloity v(r, θ) are presented in Fig. 6.
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r
Figure 6: Contour plots of the radial and azimuthal veloity u(r, θ), v(r, θ). Flow with preessing
vortex; b = 5, Re = 320
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Figure 7: Dependene of radial veloity u(r, θ) and of azimuthal veloity v(r, θ) on θ at r = 1 +
(3k − 1)(b− 1)/20, where k is the number of the line. Flow with preessing vortex.
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Figure 8: Dependene of vortiity ∆ψ(r, θ) and of stream funtion perturbation ψ(r, θ) on θ at
r = 1 + (3k − 1)(b− 1)/20, where k is the number of the line. Flow with preessing vortex.
In Figs. 78 radial and azimuthal veloity proles, vortiity proles, and stream funtion
perturbation proles in the ross-setions r = const are presented. Note that zeros of the radial
veloity u(r, θ) almost oinide with the extreme points of the azimuthal veloity v(r, θ), and zeros
of ∆ψ(r, θ) almost oinide with zeros of ψ(r, θ). Extreme points of ∆ψ(r, θ) and extreme points of
ψ(r, θ) also almost oinide.
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3.5 Flow with a preessing jet (regime J)
Apart from the regime with preessing vortex, another type of stationary ow is observed in
numerial experiments. It is the slowly preessing in azimuthal diretion stationary struture, whose
main feature is existene of the jet-like area of intensive uid motion.
Results of numerial experiments for regime J are presented in Figs. 914. The streamlines and
the level lines of the stream funtion perturbation are plotted in Fig. 9. There is also the preessing
vortex, but its shape is more ompliated than that for the regime V. The vortex is strethed in
the azimuthal diretion.
1 2 3 4
Figure 9: Regime J, streamlines (1, 2) and level lines of the stream funtion perturbation ψ(r, θ) (3,
4); 1 and 3 orrespond to b = 5, Re = 320; 2 and 4 orrespond to b = 7, Re = 200. Basis omposed
of the eigenfuntions of (2.5)(2.6) is used in both ases.
Graph of the absolute veloity |v(r, θ)| for the ow with preessing jet (regime J) and ontour
plot of the absolute veloity in the retangle r ∈ [1, b], θ ∈ [0, 2pi] are shown in Fig. 10 (as before,
|v| is taken as the measure of the ow intensity). The most intensive ow is observed in the ertain
region lose to the inner boundary. Comparison with Fig. 5 shows that the boundary layer near
the inner boundary have qualitatively dierent form for regimes V and J.
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Figure 10: Regime J, b = 5, Re = 320. Left: graph of the absolute veloity |v(r, θ)|. Right: ontour
plot of the absolute veloity.
In Figs. 1014 various features of the ow regime J are illustrated (b = 5, Re = 320). The
ontour plots of radial veloity u(r, θ) and azimuthal veloity v(r, θ) are presented in Fig. 11. The
jet-like area of intensive uid motion is learly visible in Fig. 11 (left).
Radial proles of the absolute veloity |v(r, θ)| for xed r are plotted in Fig. 12 (left), azimuthal
proles of the absolute veloity for xed θ are presented in Fig. 12 (right). Azimuthal proles
of veloities u(r, θ) and v(r, θ), proles of vortiity ∆ψ(r, θ) and proles of the stream funtion
perturbation ψ(r, θ) for r = const are plotted in Figs. 1314.
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Figure 11: Contour plot of the radial veloity u(r, θ) and of the azimuthal veloity v(r, θ). Flow
with preessing jet; b = 5, Re = 320.
Proles of azimuthal veloity for onstant r hosen near to the inner or outer irle have the
shok-wave type. The jump from larger to smaller values of azimuthal veloity in the diretion
of preession is observed near the inner irle while the jump from smaller to larger azimuthal
veloities is observed near the outer irle. Proles of radial veloity have the soliton-like shape
for all xed values of r. Note that zeros of the radial veloity u(r, θ) almost oinide with extreme
points of the azimuthal veloity v(r, θ).
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Figure 12: Left: radial proles of the absolute veloity |v(r, θ)| at θ = (k − 1)pi/3, where k is the
number of the line. Right: azimuthal proles of |v(r, θ)| at r = 1 + (3k − 1)(b − 1)/20, where k is
the number of the line. Flow with preessing jet.
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Figure 13: Dependene of radial veloity u(r, θ) and of azimuthal veloity v(r, θ) on θ at r =
1 + (3k − 1)(b− 1)/20, where k is the number of the line. Flow with preessing jet.
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Figure 14: Dependene of vortiity ∆ψ(r, θ) and of stream funtion perturbation ψ(r, θ) on θ at
r = 1 + (3k − 1)(b− 1)/20, where k is the number of the line. Flow with preessing jet.
It is interesting to ompare results of omputation with results of the experiments in whih the
jet-like ow regimes are observed. In Fig. 15 (published with permission of V.A.Vladimirov and
P.V.Denissenko), visualization of the experiment with the jet-like struture is presented (Re ∼ 56).
The qualitative similarity of the experimental results (Fig. 15, left) and of the numerial results
(Fig. 15, right) is obvious. We repeat one again that the quantitative omparison an not be
performed beause the physial experiment is essentially three-dimensional while the omputation
onsidered in this paper is two-dimensional.
Figure 15: Left: experiment. Free upper surfae. Water-glyerol mixture, axial gap thikness 16 ·
10−3m, radius of the ylinder 10−2m, outer radius of domain 23.2 · 10−2m, kinemati visosity
0.43·10−4m2/s, rotation speed of the inner ylinder 230 rpm, Re ∼ 56. Right: Regime J, streamlines,
b = 5, Re = 320.
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